Abstract. We show that the soft X-ray excess in the Coma cluster can be explained by a cosmic background of relativistic axions converting into photons in the cluster magnetic field. We provide a detailed self-contained review of the cluster soft X-ray excess, the proposed astrophysical explanations and the problems they face, and explain how a 0.1 − 1 keV axion background naturally arises at reheating in many string theory models of the early universe. We study the morphology of the soft excess by numerically propagating axions through stochastic, multi-scale magnetic field models that are consistent with observations of Faraday rotation measures from Coma. By comparing to ROSAT observations of the 0.2 − 0.4 keV soft excess, we find that the overall excess luminosity is easily reproduced for g aγγ ∼ 2 × 10 −13 GeV −1 . The resulting morphology is highly sensitive to the magnetic field power spectrum. For Gaussian magnetic field models, the observed soft excess morphology prefers magnetic field spectra with most power in coherence lengths on O(3 kpc) scales over those with most power on O(12 kpc) scales. Within this scenario, we bound the mean energy of the axion background to 50 eV E a 250 eV, the axion mass to m a 10 −12 eV, and derive a lower bound on the axion-photon coupling g aγγ 0.5/∆N eff 1.4 × 10 −13 GeV −1 .
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Introduction
This paper provides the first systematic study of a proposed physical phenomenon which would forge a linkage between three disparate topics: an excess in the spectrum of soft X-rays from galaxy clusters, dark radiation, and string theory models of the early universe. With the Coma cluster as our prime example we give a detailed demonstration of how the observed cluster soft X-ray excess may emerge from axion-photon conversion of a homogeneous dark radiation 0.1 − 1 keV Cosmic Axion Background (CAB), which in turn arose from moduli decays in the early universe [1] .
Galaxy clusters are the largest gravitationally bound objects in the universe and have historically served as powerful indicators of novel fundamental physics [2] . In addition to the dark matter component comprising around 80% of the cluster mass, around 15% of the mass is in a hot ionised intracluster medium (ICM) with typical temperatures of T ≈ 10 8 K (corresponding to ω ≈ 7 keV) and number densities n ∼ 10 −1 − 10 −3 cm −3 . The ICM represents the large majority of a cluster's baryonic mass and generates diffuse X-ray emission through thermal bremsstrahlung.
A thermal bremsstrahlung spectrum gives to a good approximation a constant emissivity per unit energy at low energies. However, observations of a large number of galaxy clusters have found evidence at low energies around E 0.4 keV, for excess emission above that from the hot ICM. This soft excess was initially observed in the Virgo and Coma clusters in 1996 [3] [4] [5] and has since been found in many other clusters [6, 7] . There are two candidate astrophysical explanations: emission from a warm T ≈ 0.1 keV gas; and inverse-Compton scattering of γ ∼ 300 − 600 non-thermal electrons on the Cosmic Microwave Background (CMB). The former explanation has difficulty with rapid cooling times of a warm gas and the lack of associated O VII line emission; the latter has difficulty remaining consistent with the observed level of synchrotron radio emission and the failure to detect clusters in gamma rays. In section 2 we provide a detailed review of the soft excess phenomenon and these proposed astrophysical explanations.
Recently, in [1] , the cluster soft excess was proposed to arise from conversion of a primordial Cosmic Axion Background into photons in the magnetic field of galaxy clusters. As we will review in section 3, the existence of such a background of highly relativistic axions (or axion-like particles) is theoretically well-motivated in models of the early universe arising from compactifications of string theory to four dimensions. The axions arise from moduli decays at the time of reheating and would linger today as a homogeneous and isotropic Cosmic Axion Background with a non-thermal spectrum determined by the expansion of the universe during the time of moduli decay, as discussed in [8] . For moduli masses m Φ ≈ 10
6 GeV the present energy of these axions is E a ∼ 0.1 − 1 keV.
The existence of such a CAB can be indirectly probed through its contribution to dark radiation. Dark radiation is traditionally parametrised in terms of an effective number of neutrino species, N eff = 3.046 + ∆N eff , where the first term corresponds to three neutrino species undergoing thermal decoupling. The relativistic contribution to the energy density at CMB decoupling can be written as ρ radiation = ρ γ 1 + 7 8
11
4/3 N eff .
(1.1)
The amount of dark radiation can be probed either by measurements of the CMB or through measurements of primordial BBN abundances. There are current hints at the 1-3 sigma level for a non-zero value of ∆N ef f . Recent results from the Planck satellite give N eff = 3.52 ± 0.24 (CMB + BAO + H 0 ) or N eff = 3.30 ± 0.27 (CMB + BAO) [9] , depending on whether measurements of the Hubble constant in the local universe are included in the combination. Recent BBN-only measurements based on primordial Helium and Deuterium abundances give N eff = 3.50 ± 0.20 [10] .
In the presence of a magnetic field, axions can directly convert into photons via the coupling,
In the enlightening case of sufficiently high axion energies or small ambient electron densities, the conversion probability for a fixed domain is given by
where B ⊥ denotes the magnetic field component transverse to the axion velocity and L denotes the corresponding coherence length [11] . This conversion allows the potential detection of a CAB through axion-photon conversion.
Galaxy clusters support magnetic fields that are modest in magnitude (B ≈ µG) but are extended over megaparsec distances and have kiloparsec coherence scales, allowing observationally significant axion-photon conversion probabilities. In [1] , a crude single-domain model with a fixed magnitude and coherence length for the magnetic field was used to estimate the axion-photon coupling M that would be required to reproduce the soft excess in Coma from a CAB, finding M ≈ 10 13 GeV.
In this paper we continue the study of axion-photon conversion in the Coma cluster using a far more detailed model of the Coma magnetic field. This model was constructed in [12] to fit rotation measure (RM) observations of seven polarised light sources, using the Coma cluster as a Faraday screen. The model describes the central Mpc 3 of Coma (see also [13] for a magnetic field model describing the region 1.5 Mpc to the southwest of the cluster centre). We review the observational evidence for cluster magnetic fields in section 4 and describe the model for the Coma magnetic field in detail in section 4.2. Using this stochastic model, we construct a numerical simulation of the magnetic field in the central region of the cluster, propagate axions through it and quantitatively study the resulting predictions for the soft excess morphology. This paper is organised as follows. Section 2 reviews the cluster soft excess phenomenon, the proposed astrophysical explanations and the constraints on these explanations. Section 3 describes how a Cosmic Axion Background arises naturally in string models of the early universe. Section 4 reviews the magnetic field model proposed in [12] for the Coma cluster. This volume of review is larger than standard, but necessary to make the paper self-contained given the disparate topics involved. In section 5 we describe the results of simulated axion-photon conversion and compare the simulations to observations of the soft excess. In section 6 we conclude.
Review of soft excess observations
The aim of this section is to summarise the observational history of the soft excess from galaxy clusters and to discuss the astrophysical models proposed to account for it. We also review the status of these models in light of more recent measurements of the Coma magnetic field as well as the (null) observations of galaxy clusters in gamma rays. A complementary review of the soft excess phenomenon from 2008 is given in [7] .
Preliminaries: X-ray observations of galaxy clusters
We first review the most basic aspects of observing X-rays from galaxy clusters. This material will be familiar and indeed elementary to astrophysicists, but is not part of the standard particle theory education, and we include it for the sake of completeness.
Galaxy clusters are the largest virialised structures in the universe, with typical masses ∼ 10 14 − 10 15 M and spatial extents of O(1 Mpc). Clusters emit light of all frequencies ranging from radio waves to X-rays. The space between galaxies is suffused with an energetic ionised plasma, termed the intracluster medium (ICM). The energy of the ICM arose from the release of gravitational potential energy as the cluster formed through accretion and merger of subclusters. The hot ICM has a temperature T ∼ 2 − 8 keV and emits X-ray emission via thermal bremsstrahlung, with typical X-ray luminosities of L ∼ 10 42−45 erg s −1 (where 1.6 × 10 −3 erg = 1 GeV). The energy flux from thermal bremsstrahlung is [14] 
where in the second equation A is a constant and we have restricted to the key parameters. Here N is the ion density, N e the electron density, and Z the ionic charge. The Gaunt factor g(ν, T ) is a slowly varying function of frequency, and so at photon energies much less than the temperature the emitted flux is approximately constant as a function of frequency (note that this implies a photon number index of −1, as dN γ (ν)/dE ∼ ν −1 ). The low-frequency emissivity then scales quadratically with density and inversely with the square-root of the temperature. This implies that thermal emissivity within a fixed waveband is minimised for high temperatures and low densities. Extragalactic X-rays must reach earth by passing through the Milky Way where they may be attenuated by absorption. The extent of the absorption is determined by the effective neutral Hydrogen (NH) column density. Here, 'effective' refers to the fact that helium also contributes significantly to absorption. Within the galaxy this column density varies from a global minimum of ≈ 5 × 10 19 cm
at the Lockman hole to around 1×10 22 cm −2 towards the galactic centre. Plots of absorption fractions as a function of frequency can be found in e.g. [15] .
The soft excess frequencies considered here are in the extreme ultraviolet/soft X-ray bands, with an approximate range of 0.1 − 1 keV. Light at such frequencies is heavily absorbed: for N H = 1 × 10 20 cm −2 , a 200 eV photon has a ≈ 45% transmission probability, while for N H > 10 21 cm
the transmission probability is effectively zero. In comparison, photons with energies in the 1 − 2 keV range have transmission probabilities ranging from 8% − 60% even for N H = 10 22 cm −2 . Thus the galactic plane is opaque to extragalactic soft X-rays, but at high galactic latitude (|b| 30
• ) absorption is sufficiently limited that an extragalactic flux can be measured, and clusters and other extragalactic objects can be observed.
It follows that an accurate measurement of extragalactic soft photon fluxes requires an accurate measurement of the column densities. These are measured using all-sky 21cm surveys, such as Dickey and Lockman (1990) [16] or the Leiden/Argentine/Bonn (LAB) survey (2005) [17] . For certain soft excess measurements as e.g. the sample of 38 clusters in [6] , high resolution 21cm observations from the Green Bank NRAO have also been used to ensure uniformity of the NH column density on the scale of a cluster.
Accurate measurements of soft X-ray fluxes from distant sources also require accurate measurements of the local soft X-ray background. The soft X-ray sky has gradients on the scale of a few degrees and is also subject to temporal variation based on solar flares and charge exchange scattering between the solar wind and the Earth's exosphere. Galaxy clusters are large objects, with a typical diameter d ≈ 1 Mpc, and the intracluster gas generates diffuse emission with relatively low surface brightness. The ideal background is therefore one which is both spatially and temporally contiguous. This is most easily accomplished if the observing telescope has a large field of view, which can then accommodate the entire cluster and allow the background to be taken from the edge region of the detector.
History of soft excess observations
Soft X-ray emission from galaxy clusters has been consistently found by a number of satellites and in a significant number of clusters. In this section we review how the different satellite missions have contributed to observational evidence for the excess.
The EUVE discovery
The original discovery of the cluster soft excess phenomenon was made in 1996 with observations of the Virgo and Coma clusters [3] [4] [5] using the Extreme Ultraviolet Explorer (EUVE). The EUVE Lex/B detector [18] had peak response at 138 eV and a passband of 65−248 eV at 10% of peak, although with very limited spectral resolution. The field of view was large and rectangular, covering 2
• × 40 . The properties of the ICM gas were determined by measurements on complementary instruments with Xray sensitivity. The EUVE observations revealed a large EUV excess over the level of emission expected from thermal bremsstrahlung from the hot gas. By default, these observations were interpreted as evidence for a warm gas component (T ≈ 5 × 10 5 K 50 eV) within the cluster. These observations of Virgo and Coma were then extended to the Abell clusters A1795 and A2199 [19, 20] , where very large soft excesses, of up to 600% of the hot gas emission, were reported.
Disagreement then arose about these observations, concerning in particular the details of background subtraction for the EUVE satellite and the variation in telescope sensitivity over the field of view. The EUVE data for various clusters was reanalysed in [21] [22] [23] [24] , which found no soft excess for Fornax, A1795, A2199 and A4059. These studies did however confirm the existence of a soft excess in Coma and Virgo, although disagreeing with the original works on the detailed properties. However these analyses were themselves again challenged, with re-observations of these clusters with in situ background measurements reconfirming the presence of an excess [25, 26] . A further reanalysis of the EUVE and ROSAT observations for these clusters was performed using wavelet techniques [27] . This analysis found that the EUV and X-ray populations were statistically different and found EUV soft excesses present in Coma, Virgo, A1795, A2199 and A4059. The magnitude of the soft excess became more pronounced at large radii. These cluster observations represent the limit of EUVE: the satellite was decommissioned in January 2001 and re-entered the atmosphere in 2002. While all analyses were in agreement over the existence of a soft excess in the Coma and Virgo clusters, no consensus was reached over the existence of an EUV soft excess in the other clusters observed.
Consolidation by ROSAT
The other main satellite in which the soft excess has been observed was the ROSAT satellite. ROSAT [28] was a joint German-UK-US mission, operating from 1990 to 1999, which carried out an allsky survey in the 0.1 − 2.4 keV waveband. ROSAT has been used to study the soft excess both through individual papers on particular clusters and through a large statistical survey of 38 clusters by Bonamente et al [6] . We first discuss the individual papers before describing the statistical sample of [6] .
In many ways ROSAT was an ideal satellite for studying the soft excess: in particular, it was more suitable for this purpose than the next-generation satellites Suzaku, Chandra and XMMNewton. It had an energy range of 0.1 − 2.4 keV with a large field of view of 2
• diameter and an effective area of 200 cm 2 at 0.28 keV. The PSPC detectors had a low and stable internal background and a well-calibrated effective area. The spectral resolution was however limited, with ∆E/E = 0.43 0.93 keV/E. The former properties are ideal for the study of large-scale diffuse emission from clusters, and the low spectral resolution is not a fatal disadvantage. The large field of view enables a single pointing to encompass the whole cluster, allowing a contiguous background from the outskirts of the image. The low internal background, while less relevant for bright point sources, is crucial for accurate measurements of weak diffuse emission.
Four clusters within the Shapley supercluster -A3558, A3560, A3562 and A3571 -were studied in [29] using a combination of ROSAT and Bepposax data. ROSAT data revealed a soft excess in all clusters, with the much less sensitive Bepposax also finding the excess in A3571. A study of ROSAT observations of clusters in the Hercules supercluster [30] also found soft excesses, although background subtraction in this case is particularly difficult as these clusters lie in the direction of the North Polar Spur, a large soft X-ray emitter. In [31] very strong soft excess emission was reported for Sersic-159 (a.k.a. AS1101). However, it was subsequently determined that the strength of this excess was an artefact based on the use of an artificially high NH value (1.8 × 10 20 cm −2 ) from the Dickey and Lockman survey, which was revised down to 1.15 × 10 20 cm −2 in the LAB survey. While the soft excess remains, it is now at a level comparable to other clusters [32] .
The centre of the Coma cluster was studied in [6] , and two studies have also been performed for the outskirts of the cluster. In the centre of the cluster, a large soft excess was found at very high statistical significance. We will describe the magnitude and morphology of the central excess in section 5 when we compare to our simulations of axion-photon conversion. A study of cluster outskirts, where there is less intrinsic signal, requires a careful subtraction of the background. The first study (2002) [33] used offset pointings to measure the background and found a soft excess extending out to 2.6 Mpc. A later study (2009) was [34] , which used the observation of Coma during the ROSAT all-sky survey. Although this observation was of limited temporal duration, it involves a background that is both spatially and temporally contiguous, being measured as the satellite slews across the sky. This found a soft excess in the R2 channel (0.14 − 0.28 keV) extending up to 5 Mpc from the cluster centre.
The largest study to date of the soft excess was carried out in [6] , in which 38 clusters with favourable observational conditions were studied. The requirements for inclusion were that a cluster lay at high galactic latitude and low column density, and that both a pointed ROSAT observation and narrow-beam column density measurements from the Green Bank NRAO existed. Note that for these clusters there have been no large revisions of the column densities between the values given in [6] and the LAB values. This study looked for excess emission in the ROSAT 0.2 − 0.4 keV band compared to expectations from the hot gas. In most cases (except for the nearest clusters), the large ROSAT field of view enabled an in situ background measurement from the peripheral detector regions.
The study found that soft excess emission was a general feature of galaxy clusters. A statistically significant detection was observed in 30% of the sample-in some cases, such as Coma, at very high statistical significance. Soft excess was only ruled out in a small number of clusters using the ROSAT data. The clusters studied covered a range in redshift from 0.0043 (Virgo) to 0.308 (A2744), and soft excess emission was found for both nearby and distant clusters, for both relaxed and disturbed clusters, and at a wide range of column densities N H = 1-4.5 × 10 20 cm −2 . In all cases the relative magnitude of the soft excess compared to the thermal ICM emission did not exceed 30 percent. The soft excess appeared to follow an identifiable morphological trend in that excess emission was preferentially found at radii r 175 kpc, outside the very centre of clusters. In section 5 we will comment on how the properties of axion-photon conversion in cluster magnetic fields may explain this trend.
The new generation satellites: XMM-Newton, Suzaku and Chandra
Soft excess emission has also been studied with the XMM-Newton satellite. This offers a much greater spectral resolution than ROSAT (roughly 60 eV at 0.5 keV) and an energy range that extends to the hot gas temperatures, but at the cost of a much smaller field of view (30 diameter as compared to 114 ) and a larger detector background. The small field of view makes it harder to perform an accurate background subtraction. Statistical studies of large samples of clusters with XMM-Newton were carried out in [35] [36] [37] [38] , and O VII line emission (which would have confirmed a thermal origin of the soft excess) was reported in [36, 37, 39] . However, it was subsequently determined that these lines could arise through the local or galactic background [40] [41] [42] , while further direct searches for emission lines proved null [43] [44] [45] [46] (although see [47] for a marginal detection).
The XMM-Newton detections of soft excess were challenged in [41] , where it was argued that they arose from an incorrect background subtraction. This issue was therefore revisited in [42] . Here it was found that while the background for the bright cluster-centre regions was not large enough for background subtraction to be relevant, the recommended calibration for the two EPIC instruments (MOS and PN) had changed since the 2003 analyses. With the new calibrations, these authors found that soft excesses were consistently detected by one of the two EPIC instruments (MOS) while being absent in the other (PN). For this reason the current state of soft excess detection in XMM-Newton remains unclear.
Let us also mention the (limited) studies of the soft excess that have been carried out with Suzaku and Chandra. The limited field of view again makes these suboptimal instruments for studies of diffuse soft emission. The soft excess emission for the cluster A3112 was studied in [48] (with Chandra) and in [45] (with Suzaku). Earlier studies had suggested a very strong soft excess in this cluster, but A3112 is a cluster for which the revised LAB absorption column value (1.3 × 10 20 cm −2 ) was significantly lower than the Dickey and Lockman value (2.6 × 10 20 cm −2 ). The latter study, using the revised LAB value, found the soft excess to still be present but (as expected) reduced compared to the earlier analyses.
A similar case is the cluster Sersic 159 (AS1101), studied with Suzaku in [44] . This study confirmed the existence of the soft excess but did not find the tentative O VII emission line reported by earlier XMM-Newton studies. As mentioned earlier, Sersic-159 is another cluster for which the LAB value for N H differed significantly from the Dickey and Lockman value: N H (LAB) = 1.15 × 10 20 cm −2 compared to N H (DL) = 1.8 × 10 20 cm −2 . Chandra data on the same cluster was considered in [32] using the revised LAB value for the absorption column, again finding a soft excess.
Summary
In summary, soft excess emission has consistently been found with many different satellites across many different clusters. While calibration and background subtraction is difficult, the consistency between different instruments with very different sources of systematic error strongly suggests that the effect is real and not an instrumental artefact. The precise energy range of the excess is unclear. Some XMM-Newton studies suggest that the excess reaches up to 1 keV, but this is also a satellite where background and calibration issues are more pronounced.
We will base our analyses in this paper on the ROSAT determinations of the soft excess and the numerical values given for the Coma cluster in the 38-cluster survey of [6] . This analysis dates six years after the original discovery of the soft excess, allowing time for refinement of analysis techniques and elimination of systematic errors, and it appears to be unchallenged. ROSAT is also the best instrument for the study of the soft excess, and unlike the case for EUVE there is no controversy about the precise mechanism of background subtraction.
Astrophysical models of the soft excess
Two main astrophysical models have been proposed to explain the soft excess. The first is the existence of a 'warm' gas, which coexists with the hot gas of the ICM. In this scenario, the soft excess arises from thermal bremsstrahlung from this warm gas. The second scenario involves the non-thermal generation of the soft excess from inverse Compton scattering of relativistic electrons on the CMB. Here we review both proposed explanations and note the observational constraints on them.
The soft excess from a warm gas
At the initial discovery of the soft excess it was noted that it may be explained by an additional 'warm' (but not hot) ICM component with temperature T ∼ 0.5-1 × 10 6 K [3] [4] [5] . In this scenario, the soft excess arises from thermal bremsstrahlung of the warm gas component, just as the dominant X-ray luminosity arises from thermal bremsstrahlung of the hot ICM gas.
This scenario is now generally regarded as problematic, particularly in the centre of clusters. It has two problems. The first is that a warm gas is only stable if it has comparable pressure to the hot gas of the ICM. However, as P = nkT and T warm ≈ 10 −2 T hot , this requires n warm ≈ 10 2 n hot . Since the collisional cooling time goes as n −2 , the warm gas is at the peak of its cooling curve and therefore cools rapidly, with a lifetime t ≈ 10 8 yrs -much shorter than the age of the cluster [49, 50] . The warm gas is then unstable against the rest of the cluster.
The second problem is that a warm gas should also have thermal emission lines associated to it, in particular those associated with O VI and O VII . However, searches for the far-ultraviolet O VI line predicted by this model have been null [51, 52] . At one point there were claimed detections of O VII lines [36, 37, 39] , but these claims were not supported by subsequent analysis, and the lines were found to be consistent with background and galactic foreground [40] [41] [42] . While we note that there remains one marginal detection (approximately 3 sigma) of Ne IX and O VIII emission/absorption lines from Coma that could arise from a warm gas [47] , in general further searches for emission lines have proved null [43] [44] [45] [46] , and in some cases this implies that any hypothetical warm gas must have a metallicity Z < 10 −3 [46] .
While these two problems render the warm gas proposal at the cluster centre very problematic, it remains a possibility at the cluster outskirts where it has been suggested that the large soft excess halo around the outskirts of the Coma cluster could originate from Warm-Hot Intergalactic Medium (WHIM) filaments. This proposal is discussed in e.g. [53] [54] [55] .
The soft excess from inverse Compton scattering
In the second scenario, proposed in [56] [57] [58] [59] , the soft excess arises from inverse Compton up-scattering of CMB photons with a relativistic electron population, hence abbreviated as IC-CMB. In the IC-CMB scenario, the average energy of a scattered photon is [14] 
for scattering off an electron with Lorentz factor γ. It follows that up-scattering CMB photons ( E CMB ≈ 3kT CMB ≈ 10 −3 eV) to the soft X-ray regime (E ≈ 200 eV) requires a population of non-thermal electrons with
Such electrons have presumably been produced by supernovae, radio galaxies or by particle creation in intracluster shocks, and the IC-CMB explanation therefore ties the soft excess to the non-thermal cosmic ray content of clusters.
One attractive feature of this scenario is that significant populations of non-thermal relativistic electrons are known to be present in some galaxy clusters. In Coma, for example, this is evidenced by the presence of a large radio halo which (as we will review in section 4) indicates the presence of non-thermal relativistic electrons with γ ≈ 2000. In the first versions of the IC-CMB scenario, the electrons at γ ≈ 500 were assumed to connect with the higher energy electrons at γ ≈ 2000 by a simple spectral power law.
We now review in some detail how the IC-CMB explanation fixes the electron density at γ ≈ 500 and how recent observations constrain the scenario. For an IC-CMB origin of the soft excess, the number of relativistic electrons generating the excess can be determined by matching the radiation energy loss of the electrons to the observed soft X-ray excess. In detail, a relativistic electron loses energy (e.g. see [60] ) as
3)
Here σ T is the Thomson cross section, m e is the electron mass, c is the speed of light and the factor of (1 + z) 4 in b IC−CMB takes into account the time-dependence of the CMB energy density.
The bremsstrahlung contribution arises from collisions of the relativistic electrons with the thermal ICM electrons and ions, here evaluated for y(He)/y(H) = 0.1. We note that b bremsstrahlung < b Coulomb for γ 10 3 , and that b bremsstrahlung < b IC−CMB for γ 100 and n e ≈ 10 −3 cm −3 , so we may consistently neglect b bremsstrahlung .
For sufficiently large magnetic fields the synchrotron losses dominate over the IC-CMB losses, and at z = 0 we find
(2.5)
The Coulomb losses dominate over both IC-CMB and synchrotron losses at small enough γ,
but become sub-leading for γ 200.
In the IC-CMB scenario, the soft excess arises from the energy loss of the relativistic electrons in the inverse Compton channel, for which the fractional energy loss is
Taking the Coma cluster as an example, we note that this fractional energy loss should result in a luminosity of approximately L EUV ≈ 10 43 erg s −1 from the central 500 kpc region. The energy stored in relativistic electrons should be well-approximated by
Since each relativistic electron has energy 4 × 10 −4 γ 500 erg, the total number of relativistic electrons responsible for the soft excess is given by
(2.9)
This population then corresponds to an average number density in the central region of n rel. e ≈ 10 −10 cm −3 . In this simple estimate we have considered a fixed γ, but the electron population is more likely distributed between γ ≈ 300 and γ ≈ 600 (corresponding roughly to the energies required to generate IC-CMB photons between 75 and 300 eV).
Observational constraints on the IC-CMB scenario
To establish the plausibility of the IC-CMB scenario, it is crucial to understand the origin and evolution of the relativistic electrons necessary for the scenario (dedicated studies are given in [60] [61] [62] [63] [64] ). Let us summarise the key behavioural features. Since
2 , high energy electrons are rapidly degraded. If there is a single injection event with an initial spectrum N (E) ∼ N 0 E −p , radiative losses remove the high energy tail and generate an exponential cutoff above a maximal energy E max (t), which is a decreasing function of time. However, for a continuous power-law injection the radiative losses steepen the spectrum, but the overall shape remains a power law.
The most severe constraints on the IC-CMB scenario arise from additional emission in the synchrotron and bremsstrahlung channels from the relativistic electron population. Most early studies of the soft excess [56-58, 61, 63-67] aimed to join the soft excess IC-CMB electrons with the synchrotronemitting electrons responsible for the Coma radio halo through a single power law. A general result of these earlier papers was that this is indeed possible -provided the cluster magnetic field is B 1 µG. For example, one of the first IC-CMB papers [56] found that extrapolation of the radio population to the soft excess regime could account for a fraction ∼ B 0.4 µG −2.34 of the soft excess in the Coma cluster. The strong dependence on the magnetic field is easily understood from the fact that as the magnetic field grows, there is a growth in synchrotron emissivity for a fixed number of electrons; meanwhile the γ-factor required for observable radio emission moves closer to that required for soft emission.
Consequently, if the magnetic field is comparatively large (B ≈ 5 µG), then the soft excess electrons and the radio electrons cannot belong to the same population.
2 The consequences of high magnetic fields for IC-CMB models of the soft excess have been studied in [62, 68] . In this case, it is essential that there is a sharp exponential cutoff on the extension of the soft excess population to higher energies. For example, with B ≈ 5 µG soft excess emission is generated at γ ∼ 300 − 500, while observable radio emission starts from γ ≈ 1000. Any power-law extension of the γ ∼ 300 − 500 population, even with a spectral break, overproduces synchrotron emission at γ ≈ 1000. It is then necessary that a sharp exponential cutoff is generated in the interval between these energies.
As mentioned above, exponential cutoffs in the non-thermal electron spectrum may be produced simply by the time evolution of an isolated initial injection event with a power-law spectrum. However, for the IC-CMB scenario, this requires an injection event occurring within a rather specific time interval in the cluster's past. If the injection event occurred too long ago, the electrons have cooled below γ ≈ 300 and no soft excess can be obtained. If the injection event happened too recently, the electrons have not cooled sufficiently and would populate the γ 1000 region, thus overproducing synchrotron radio emission. In [68] , it was concluded that this explanation of the soft excess in Coma requires an injection event between 1 and 1.4 billion years in the past. These models furthermore require additional smaller injection events to generate the population of electrons responsible for the radio halo. We expect similar constraints on the clusters' injection histories to apply for other clusters exhibiting soft X-ray excesses.
In earlier work on IC-CMB explanations for the soft excess [60] , it had been argued that soft emission from γ ≈ 300 electrons was expected to be a generic feature of galaxy clusters, as this value of the γ factor maximises the characteristic loss time, t ≈ 3 × 10 9 years. As also noted in [60] , this ceases to be true once B ≈ 5 µG. The loss time is now maximised at γ ≈ 100 (and at t ≈ 10 9 years) and γ ∼ 300 − 500 is no longer a special value. This reinforces the conclusions of the previous paragraph: high magnetic fields require rather special initial conditions to generate the large electron population necessary for generating the soft excess without generating excessive radio emission.
We note that the aforesaid conclusions become even stronger for the case of cool-core clusters with a soft excess, for example, Virgo or A1795. Since cool core clusters have high central magnetic fields B 10 µG, the radiative cooling time is very short and γ ≈ 300 electrons have lifetimes of ≈ 3 × 10 8 years, much shorter than cluster timescales. It then requires a considerable coincidence to 'catch' these electrons while they do not produce radio emission but do produce soft excess emission.
A further constraint on the IC-CMB explanation of the soft excess comes from gamma ray emission. Gamma ray emission arises from non-thermal bremsstrahlung from scattering of the IC-CMB electrons off the thermal proton population, and is independent of the magnetic field. Since it is physically implausible that whichever initial event accelerated the electrons did not simultaneously accelerate protons, there is in addition expected to be gamma ray emission from π 0 secondaries produced by collision of cosmic-ray protons with the thermal protons (note that at the top of the atmosphere cosmic-ray ions outnumber electrons by a factor ≈ 10
2 ).
Fermi-LAT represents a significant improvement in sensitivity over the EGRET gamma-ray telescope. Galaxy clusters represented one of the targets for Fermi, with in many cases an expectation that Fermi would observe gamma rays. These expectations have not been fulfilled, with so far no positive detections of diffuse gamma ray emission from the intracluster medium [69] [70] [71] [72] [73] [74] .
The γ-ray spectrum produced in the IC-CMB scenario has been studied for the Coma cluster in [61] and [62] . In both cases, the expected emission was found to be significantly greater than the projected Fermi (formerly known as GLAST) limits. For example, [61] found a predicted flux N (γ) E>100 MeV = 2 × 10 −8 cm −2 s −1 (similar results are found in [62] ). This contrasts with bounds from the Fermi 5-year data of N (γ) E>100 MeV < 6 × 10 −10 cm −2 s −1 [74] (for a central point source template).
As these bounds are derived assuming a power-law photon index, and as the Fermi sensitivity to photons with E γ ≈ 100 MeV is less than originally anticipated, it may be possible to try to tune the spectrum, with a very sharp cutoff at E > 100 MeV, to be compatible with the non-observation of gamma rays. While such tuned initial conditions may potentially be possible for any single cluster, it is difficult to see how the IC-CMB scenario can reconcile both the generic presence of the soft excess phenomenon and the generic absence of gamma rays from clusters at the level accessible to Fermi-LAT.
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A further difficulty for the IC-CMB explanation of the soft excess is the observation of soft excess emission at large radii from the cluster centre [33, 34] . In the case of Coma, soft excess halo emission has been detected up to radii of ≈ 5 Mpc. This emission is well beyond the radius at which the hot gas can be detected and at which the cluster meaningfully exists. For an IC-CMB explanation of this halo, it is unclear where this necessary relativistic electron population would come from.
A couple of other modified explanations or variations have been proposed. In [75] it was proposed that the soft excess could be generated by IC-starlight instead of IC-CMB. A deficiency of this model is that the energy density of starlight is far less than that of the CMB, and so it requires a proportionately greater energy in relativistic electrons, which would in fact constitute the dominant source of pressure in the cluster. This model also requires a magnetic field B 1 µG, inconsistent with Faraday rotation measurements. In [76] it was proposed to generate the relativistic electrons used in IC-CMB as secondaries from inelastic cosmic ray collisions, rather than as primaries accelerated to very high energies by supernovae or active galactic nuclei. However, it was argued in [77] that this explanation can be excluded, as the secondary origin of the electrons allows the number of relativistic protons to be determined, and these then have an energy content far greater than the thermal content of the cluster.
Overall, while it would be premature to conclude that astrophysical explanations cannot work, the above difficulties and observations motivate alternative scenarios.
A Cosmic Axion Background
A generic feature of the four-dimensional effective theories arising from compactifications of string theory is the presence of massive scalar particles with feeble, Planck-mass suppressed interactions. Such particles -normally called moduli -parametrise the size and shape of the compactification geometry and set the values of coupling constants in the four-dimensional effective theory. While there is no absolute prediction for the moduli masses, in models where supersymmetry is relevant to the weak hierarchy problem moduli are expected to be at most a few orders of magnitude heavier than the weak scale [78] [79] [80] .
If moduli exist, general arguments imply they should be responsible for the reheating of the Standard Model degrees of freedom. Almost independently of the detailed model of inflation, moduli become displaced from their final metastable minimum during inflation and begin to oscillate at the end of inflation. 4 An oscillating scalar field redshifts like matter,
where a(t) denotes the Friedmann-Robertson-Walker scale factor. Owing to their feeble, Planck-mass suppressed interactions, the moduli are long-lived. The oscillating moduli fields subsequently come to dominate over any initial radiation, which redshifts as ρ radiation ∼ a(t) −4 . The universe then enters a modulus-dominated stage, which lasts until the moduli decay into visible and hidden sector matter and radiation, thus inducing reheating.
The characteristic decay rate of a modulus of mass m Φ is Γ ∼ 1 8π
where M P denotes the reduced Planck mass, M P = 2.48 × 10 18 GeV. The energy density of the universe at the time of modulus decay, τ
The visible sector decays of the modulus rapidly thermalise and initiate the Hot Big Bang at a temperature
However, the gravitational origin of the moduli -for example as extra-dimensional modes of the graviton -implies that moduli can also decay to any hidden sector. Furthermore, visible and hidden sector decay modes are approximately democratic, and in particular the branching ratios into hidden sector massless particles with extremely weak interactions (such as axions) need not be vanishingly small [81] [82] [83] [84] (also see [85] ).
Two-body decays of a modulus field into axions are induced by the Lagrangian coupling
∂ µ a∂ µ a, resulting in axions with an initial energy E a = m Φ /2. Since they are weakly interacting, the axions do not thermalise and the vast majority of axions propagate freely to the present day, where they form a homogeneous and isotropic Cosmic Axion Background. Furthermore, being relativistic, they contribute to the dark radiation energy density of the universe.
The characteristic axion energy today is set by the initial axion energy, redshifted to the present. Since the current CMB temperature is found simply by redshifting the primordial thermal plasma (up to a small g * ,now g * ,init −1/3 boost as species decouple), we have
For moduli masses m ≈ 10 6 GeV, this gives E a ∼ 10 6 T CMB ≈ 200 eV.
To find the exact spectral shape of the CAB, we must account for the fact that moduli do not decay instantaneously, and meanwhile the expansion rate of the universe changes as it transitions from matter (modulus) domination prior to reheating into radiation domination after all moduli have decayed. Moduli that decay early give rise to present-day lower-energy axions as they have more time to redshift, whereas more energetic axions arise from late-decaying moduli. The spectral shape was computed numerically in [8] and may be described as 'quasi-thermal', with an exponential fall-off at high energies (c.f. figure 1) . The overall magnitude is normalised to the axionic contribution to ∆N eff , and the peak location is determined by the mass of the modulus and its lifetime. 3 for a CAB with ECAB = 150 eV, which contributes to dark radiation with ∆N eff = 0.5. The precise location of the energy peak depends on the value of mΦ.
While a CAB can be indirectly probed through studies of dark radiation, it can be directly observed only through its couplings to visible-sector matter and gauge bosons, as mediated, for example, by the operator
In the presence of a magnetic field this induces 'oscillations' of axions into photons in a process analogous to neutrino oscillations [11, 86] . The observational consequences of this conversion of the CAB have been considered in [1, 87, 88] . Axions may also play a role by scattering off ambient particles in the thermal plasma, which was considered in [8] .
Giving the value of M , the total axionic energy density and the central CAB energy specifies an entirely predictive model. In this model, the spectrum and number of photons arising from axionphoton conversion in any astrophysical magnetic field can be computed.
What would a CAB tell us?
We want to ask what could be learnt from the existence of a Cosmic Axion Background at a given energy E a . We are going to assume that this is generated by the primordial non-renormalisable decays of a field Φ of mass m Φ and coupling constant Λ, decaying with Γ = 1 8π
What would observations of a CAB tell us about m Φ and Λ? The two points we use are the ratio Ea TCMB (assumed to be measured) and the requirement that the reheat temperature must be greater than the BBN temperatures.
We assume the instantaneous decay approximation, under which all Φ particles decay at a time
While continual decays give a more refined analysis, the instantaneous decay approximation is here sufficient to capture the key physics.
As the universe is matter dominated until the point of decay, the Hubble constant at time of decay is H decay = 2 3τ , with
We assume Φ decays to the visible sector with branching ratio (1−B a ) and to the axion with branching ratio B a . The initial Standard Model energy density is
We assume instant thermalisation so that
This gives
The initial axion energy is E a,rh = m Φ /2. As the universe expands, the axion energies redshift directly as R −1 whereas the photon energies redshift as g −1/3 * R −1 . We then have
This takes into account that there are two distinct boosts to the photon temperature as species become non-relativistic: one from the time of reheating to the time of neutrino decoupling, and the second from the time of neutrino decoupling to the present. We evaluate this to find
If we suppose a CAB is measured, then we fix GeV . (3.14)
Thus the assumed observation of a CAB with energies in the few hundred eV range would imply the existence of an extremely weakly coupled particle whose interactions are suppressed by a scale Λ 7 × 10 16 GeV. If we also impose M P ≥ Λ, then we can bracket the mass and coupling of Φ:
An observation of a CAB can then be used to also show the existence of heavy massive particles which interact only through couplings suppressed by a scale close to the four dimensional Planck scaleprecisely the properties string compactifications predict for moduli.
Cluster magnetic fields
In this section we will discuss magnetic fields in galaxy clusters. In section 4.1 we briefly review the observational methods used to infer the existence of cluster magnetic fields, and in section 4.2 we review the magnetic field model of [12] .
Magnetic fields in galaxy clusters
It is by now well-established that galaxy clusters support magnetic fields with typical field strengths of O(B) ∼ 1-10 µG. Such fields have presumably arisen from the exponential amplification of much smaller 'seed' magnetic fields through some dynamo mechanism, but little is known for certain about either the origin of the seed fields or the mechanism of amplification. As reviewed in [89] , if not present primordially, seed magnetic fields may have been generated from astrophysical processes such as those of active galactic nuclei (AGN).
While there is similarly no consensus regarding the mechanism for amplification of cluster magnetic fields, it is clear that the αΩ-dynamo, which may be responsible for the amplification of galactic magnetic fields, is not active in galaxy clusters. The αΩ-dynamo amplifies magnetic fields though the conversion of mechanical energy to magnetic energy in the turbulent and differentially rotating motion of the galaxy disc, but becomes ineffective in systems such as clusters with little or no angular rotation. 'Small-scale' dynamo mechanisms in which ICM turbulence leads to repeated shearing of the magnetic field and to a subsequent explosive amplification of the field strength have been suggested, but cluster magnetic field amplification remains an active research topic.
However, observational studies of cluster magnetic fields are making steady progress, and here we briefly review the methods used to infer their existence and the resulting estimates for the magnetic field in the Coma cluster.
The first evidence for the existence of cluster magnetic fields was obtained from observations of the radio halo of the Coma cluster. This large region of diffuse radio emission extends to radii > 1 Mpc from the centre of the cluster. The radiation from the halo cannot plausibly be associated with the integrated luminosity of the constituent galaxies -the only viable explanation is that it is synchrotron radiation from a diffuse population of relativistic electrons in the cluster magnetic field [90] .
For the Coma radio halo, large-scale diffuse emission across the cluster has been measured at frequencies between 30 MHz and 4.5 GHz (for example see [91] [92] [93] ). An electron with boost factor γ in a magnetic field B emits synchrotron radiation at a frequency [14] ν ∼ 4γ
Hz . 
with α = (p−1)/2. The Coma radio halo has an apparent break around 0.6 GHz: below this frequency the synchrotron index is α ≈ 1, while above this frequency α ≈ 2. These values correspond to electron number indices p ≈ 3 or p ≈ 5. If a single index is fitted across the radio spectrum, then we obtain an electron spectrum p ≈ 3.5.
The total level of synchrotron emission correlates with the strength of the magnetic field, and the degree of polarisation serves as an indicator of field uniformity and structure. However, the actual magnitude of the magnetic field cannot be determined absolutely from synchrotron emissivity, due to the degeneracy with the size of the electron population. An estimate of the magnetic field strength can be made using 'equipartition' arguments, in which the total energy content of the synchrotronemitting relativistic particles and magnetic field is minimised. Since such arguments are always based on assumptions that may not be easily verifiable, equipartition arguments for magnetic field strengths can only give a rough indication of the average magnetic field across the radio halo. With this method, the radio emission may be attributed to the large-scale distribution of non-thermal relativistic electrons of GeV energies (i.e. with γ ≈ 2000) subject to ≈ 1 µG magnetic fields. In particular, in reference [94] the Coma magnetic field averaged over the central 1 Mpc 3 was estimated to be B ∼ 0.7 − 1.9 µG based on equipartition arguments.
The relativistic electrons responsible for the Coma radio halo will also inverse-Compton (IC) scatter off CMB photons to produce hard X-ray photons with frequencies around
More energetic electrons would similarly scatter CMB photons into gamma-rays. Thus in principle an observation of a hard X-ray inverse-Compton signal could be used to break the degeneracy between electron density and magnetic field size, allowing for a direct determination of the cluster magnetic field. In reference [95] this argument was used to estimate the Coma magnetic field as B ≈ 0.2 µG.
However, more recent analysis of hard X-ray observations by numerous experiments shows no evidence for a non-thermal hard X-ray component in Coma, in which case the IC method only leads to lower limits on the magnetic field strength: B > 0.2 µG for the Coma radio halo, and B > 1 µG for the Coma radio relic [96] .
A fundamentally different method for estimating cluster magnetic fields comes from Faraday rotation. The magnetised ICM plasma induces different phase velocities for right-handed and left-handed photons and thus becomes birefringent. For linearly polarised light produced from e.g. synchrotron emission from localised radio sources, this leads to an effective rotation of the plane of polarisation of the wave as a function of wavelength, called Faraday rotation. This effect is conveniently estimated in terms of a 'rotation measure', RM, defined by
The rotation measure is given by the the line-of-sight integral of the parallel component of the magnetic field multiplied by the electron density,
where, by convention, a magnetic field pointing towards the observer gives rise to a positive RM.
Since the electron density distribution may be inferred from X-ray observations of the thermal ICM, studies of rotation measures provide a sensitive probe of the magnitude of the cluster magnetic field.
Thus, in principle, by measuring Ψ obs at several frequencies for a given radio source, the value of RM may be inferred. The rotation measures typically exhibit a patchy structure across a radio source, and by studying the statistics of the RM distributions the scale over which the ICM magnetic field becomes tangled can be estimated. Finally, by considering a number of radio sources emitting linearly polarised light in and behind a galaxy cluster, the magnitude of the magnetic field as well as its radial dependence may be estimated. For a recent review, see [97] .
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A number of studies of Faraday rotation measures in the Coma cluster have been performed. In [99] , 18 radio sources were analysed and a significant enhancement of the RM towards the centre of the cluster was found. To estimate the magnetic field strength, a simple model of the magnetic field reversal was used in which the magnetic field and electron density were assumed to be constant in magnitude throughout the ICM, but the magnetic field orientation was assumed to perform a random walk with a fixed step size Λ B , corresponding to the magnetic field autocorrelation length. Such a model always results in RM = 0, but with a variance proportional to the square of the magnetic field strength, 6) in units of radians 2 /m 4 . Using this model, the magnetic field strength was estimated as B ≈ 2 µG, with a tangling scale of 13 − 40 kpc.
In [100] , RMs from the extended radio galaxy NGC 4869 in the Coma cluster were analysed, resulting in a field strength estimate of B 8.5 µG. Furthermore, the scale over which the magnetic field changes orientation was inferred to be < 1 kpc. Since the mean of the rotation measure from the radio source was shown not to vanish, the simple random walk model was amended with a constant component of strength ≈ 0.2 µG uniform over ≈ 200 kpc.
More recently, better but computationally more expensive software tools have been designed to constrain the cluster magnetic field by simulating mock RM images from a magnetic field with a given power spectrum and by comparing the results to RMs obtained from radio observations [101, 102] . These allow a treatment of multi-scale magnetic fields. As we will review in section 4.2, there are still some parameter degeneracies that complicate the final interpretation of this type of analysis, but the central magnetic field in Coma can be constrained to B ∼ 3 − 7 µG. An alternative semi-analytic method utilising Bayesian inference has also been developed [103] .
In sum, observational evidence for cluster magnetic fields has been obtained by several independent methods, with observations of RMs from Faraday rotation giving the most direct estimate. These methods involve different theoretical assumptions and measure slightly different quantities (for example, average magnetic field in the case of synchrotron luminosity versus line-of-sight magnetic field for Faraday rotation). It is therefore not surprising that the resulting estimated field strength can differ by a factor of a few.
Coma magnetic field model
In this section we review the stochastic Coma magnetic field model of [12] , which is based on the approach first proposed in [101] . In this model, the magnetic field in the Coma cluster is simulated as a multi-scale, tangled field with a field strength that scales with the electron density of the cluster. For certain model parameters, mock RMs derived from this magnetic field model were shown to be in good agreement with the RMs of radio sources in the central Coma cluster region observed with the Very Large Array (VLA) [12] . We note that while this model is a more sophisticated refinement of earlier models of the cluster magnetic field, it is still a model and cannot be expected to fully capture all features of a turbulent cluster magnetic field. Rather, this model presents a tractable approximation of the cluster magnetic field that has been shown to successfully reproduce some quantitative features of the true cluster field.
In the stochastic model of [12] , the cluster magnetic field is constructed with a specified power spectrum through the generation of a random vector potential with a power spectrum
Such a vector potential may be constructed in momentum space by randomly drawing the magnitude of each component from a Rayleigh distribution as,
where we have suppressed the vector index onÃ k . The complex phase of each Fourier component of the vector potential is taken to be uniformly distributed between 0 and 2π. The momentum space magnetic field is then calculated asB
and has a power-law power spectrum
A tractable numerical simulation of this field requires a truncation of the power spectrum in the IR and UV, i.e. a restriction of the momenta to some range
where in real space this corresponds to fields with structure only on scales larger than Λ min = 2π/k max and smaller than Λ max = 2π/k min . The 'tangled' position-space magnetic field -which will automatically be divergence-free with normally distributed components, B i gen. (x) -may be obtained by Fourier transformation ofB(k). The real-space variance of the generated magnetic field is then as usual given by σ
While the generated magnetic field B(x) exhibits structure over a range of scales, it does not reproduce one of the key properties of cluster magnetic fields -the attenuation of the field strength with radius. Following [12] , we note that such an attenuation can be modelled by enforcing that the magnetic field scales with the gas density of the hot intra-cluster medium. The density of the ICM in the central region of Coma is well-described by the β-model, n e (r) = n 0 1 + r
where the central electron density n 0 , the core radius r c , and β have been determined to be 3.44 × 10 −3 cm −3 , 291 kpc, and 0.75 respectively [104] .
A more realistic model of the magnetic field may then be obtained by modulating B . The constant C is chosen so as to normalise the average magnetic field across the core of the cluster to some parameter value B 0 . The values η and B 0 are then two additional parameters of the model. By comparing simulated RMs from the above model with rotation measures inferred from VLA observations, the authors of [12] found the best fit values η = 0.5 and B 0 = 4.7 µG, but values in the ranges η = 0.4, with B 0 = 3.9 µG to η = 0.7, with B 0 = 5.4 µG gave fits within 1σ of observations. We note that the total cluster magnetic field,
is no longer divergence-free but receives local contributions from a fictitious magnetic monopole density proportional to ∇n e · B gen. . This contribution, however, is always proportional to B 0 L rc , where L is the coherence length of the magnetic field, and is negligible for L r c .
It is important to note that while the parameters n, Λ min , Λ max , η and B 0 can be constrained by fitting to rotation measures [12] , there is an effective degeneracy between n and Λ max . Larger n can be compensated for by lowering Λ max and vice versa, giving an equally good fit when comparing to RMs from Faraday rotation. The value n = 17/3 corresponds to a Kolmogorov-like turbulent power-law slope for the one-dimensional power spectrum of the magnetic field (here defined as P(k) ∼ 2πk 2 |B k | 2 ∝ k −n+4 ) and was the headline value adopted in [12] . This power-law slope corresponds to a best fit value of Λ max = 34 kpc, with Λ min found to be 2 kpc. However, as discussed in [12] , the Faraday rotation measurements are degenerate along a curve in (n, Λ max ) space, with a flatter spectrum as Λ max is increased. Equally good fits to Faraday rotation measures are provided by a flat one-dimensional power spectrum, i.e. n = 4, with Λ max increased to 100 kpc. These spectra have more power on small scales compared to the Kolmogorov spectrum.
In section 5 we will use these models of the Coma magnetic field to study conversion of axions in the cluster magnetic field.
The soft excess in Coma from the CAB
This section brings together the topics reviewed in the above sections. We now describe the implementation and results of a numerical simulation of axion-photon conversion of the CAB in magnetic fields generated stochastically using the magnetic field models described in section 4. In the results section 5.2 we discuss both particular and generic features of the generated photon flux, and we compare our results for axion-photon conversion of the CAB to the observed soft excess luminosities in Coma [6] .
Numerical simulation
The simulation of axion-photon conversion in the Coma cluster can be divided into three steps: first, a stochastic magnetic field of the type consistent with observations of Faraday rotation measures is generated on a large lattice; second, an initial axion state of a particular energy is quantum mechanically propagated through this lattice; and finally, by normalising the initial axion distribution to the CAB spectrum derived in [8] , the resulting photon luminosities and spectrum are obtained.
Magnetic field generation
Following the detailed prescription reviewed in section 4.2, we have generated a numerical model of the Coma magnetic field, on a 2000
3 grid with an s = 0.5 kpc unit cell size, using C++. This way the Nyquist criterion that the sampling rate of a dataset must be greater (ideally much greater) than twice the frequency of the dataset is satisfied for fields with structure only on scales larger than Λ min > 2s = 1 kpc. We note that such a small unit cell size places a limit on the size of the field we can generate, making it impractical to go beyond ≈ 1 Mpc 3 .
As outlined in section 4.2, the values of the Fourier coefficients of the vector potential are generated randomly for all modes in the range of equation (4.11). After computing the momentum space magnetic field, the real space representation is obtained by performing a discrete Fourier transform using FFTW 3.3.3 routines [105] .
The real-space magnetic field is modulated as in equation (4.13) so as to exhibit attenuation over cluster scales. The normalisation constant C is chosen so that the average magnitude of the magnetic field within the core radius, r c , of the cluster is equal to the parameter B 0 . In detail, this gives 1) where N r<rc denotes the number of lattice points at radii less than the cluster radius.
As discussed in section 4.2, the observation of rotation measures from Faraday rotation does not completely determine the parameters of the stochastic model, but rather restricts their values to certain degeneracy classes. In this paper we consider three sets of magnetic field parameters, which are listed in table 1 on page 22.
Axion-photon propagation I: Homogeneous solution
In this section we outline the theory of axion-photon conversions in an external magnetic field. In the presence of an external magnetic field, axions and photons mix via the term
From the wave equation for particles propagating in the z-direction, the corresponding linearised equation of motion for the axion-photon system is [106]
Here ω denotes the energy of the photon and axion modes and ∆ F denotes the Faraday rotation of photon polarisation states due to the cluster magnetic field. Since this mixing is between photons only, in the limit of small axion-photon mixing this effect is negligible and we will henceforth set it to 
In direct analogy with the standard treatment of the Schrödinger equation in quantum mechanics, we have here introduced the 'z-ordering' operator T z in (5.4).
In section 5.2 we will describe the results of numerically integrating equation (5.3) for the inhomogeneous magnetic field discussed in section 5.1.1. However, it is illuminating to first consider the simpler case of a homogeneous electron density and magnetic field in some domain of size L (along the z-direction). In this case, the homogeneity makes the 'z-ordering' and the integral over dz trivial. Furthermore, since only photons with polarisation parallel to the magnetic field couple to axions, a simple rotation in the x-y plane reduces the non-trivial part of the problem to that of a 2-body system of γ and |a . The non-trivial part of the z-evolution generator M can then be diagonalised by an orthogonal rotation by an angle θ satisfying
where now ∆ aγ = B/2M . The eigenvalues of M are given by λ ± =λ ± δλ, withλ = ∆a+∆γ 2
The z-propagation is now trivial and, expressed in the original basis, results in the oscillation of an initially pure axion state, |i = (0, 0, 1) T , into the final state
where ϑ is a phase that will be unimportant for our discussion. Thus, in a single domain with a homogeneous magnetic field, the probability that an axion converts into a photon is given by
where tan 2θ =
and m
pl . For a single domain with a coherent magnetic field, the axion-photon conversion probability is completely determined by the angles θ and ∆. For the values of electron density and magnetic field relevant for galaxy clusters, and for the values of ω and M that we will consider, the θ angle is always in the small-angle approximation, and in section 5.2 we will find that much of the structure of CAB conversion in galaxy clusters can be understood in terms of the transition of ∆ between the small-angle and large-angle regimes.
Finally, for ∆ 1 and θ 1, the axion-photon conversion probability takes the simple form
While equations (5.9) and (5.12) are not directly applicable to axion-photon conversion in clusters, we will still find them very useful for understanding the general qualitative properties of axion-photon conversion.
Axion-photon propagation II: Inhomogeneous magnetic fields
The axion-photon conversion probabilities are computed by numerically simulating the propagation of an axion through the discretised magnetic field model discussed in section 5.1.1. Since the lattice spacing of 0.5 kpc is much smaller than the cluster radius r c = 291 kpc, the electron density is slowly varying over each zone of constant magnetic field and may consistently be approximated as constant within each lattice zone. Thus within each zone the unitary 'z-evolution' matrix is constant, and equation (5.4) can be solved recursively from the nth lattice point to the next as
where we have again denoted the lattice spacing by s. This way, an initial pure axion state will develop non-vanishing photon components as the particle propagates through the cluster.
The solution to equation (5.13) is obtained, just as in the single-domain case, by first rotating to a basis in which the magnetic field is aligned with one of the coordinate axes and then diagonalising the non-trivial part of the z-propagation generator. This way, the axion-photon propagation can be solved exactly for each lattice point.
The propagation of the full 3-body system through the lattice is then achieved recursively by diagonalising, propagating the new fields to the next grid point, and finally rotating back to obtain the state with respect to the original reference basis. Thus the state at the (n + 1)th step is given by
where U 1,n denotes the rotation required to align a coordinate axis with the local magnetic field direction, and U 2,n denotes the diagonalisation of the unitary z-evolution operator at the nth step.
The probability of the axion converting into a photon is then computed as the sum of the squares of the |γ x and |γ y components of the final state. This procedure is done for each of the 2000 2 grid points in the x-y plane for 14 energies in the 25 eV − 2 keV range and for a vanishing axion mass. By setting the axion mass to zero we make the approximation that m and is never much less than ≈ 10 −12 eV in the system we are considering. Axion masses m a ≤ 10 −13 eV therefore behave equivalently to a vanishing axion mass. For axion masses m 10 −12 eV (including Table 1 . The parameter values for the three simulations used. The first simulation (Model 1) is a Kolomogorov spectrum that fits the Faraday rotation data. The second simulation (Model 2) is designed to show the effect of concentrating all power on small scales but is not a fit to Faraday rotation data. The third simulation (Model 3) is a flat spectrum (in k-space) that fits Faraday rotation data and has most power on small scales.
the case of a QCD axion), θ ∼ 1/m 2 a and ∆ ∼ m 2 a , so that it is reasonable to expect that the conversion probabilities become suppressed relative to those we have obtained by a factor of (10 −13 eV/m a ) 4 . For an axion mass m ≈ 10 −12 eV, detailed simulation would be required to study the resulting morphology and how it differs from the zero-mass case.
Analysing the simulation data
The simulation generates a 2000 2 grid of a → γ conversion probabilities, each representing the probability of a single axion at energy ω, traversing Coma through a unit of cross-sectional area (0.5 kpc)
2 , converting into a photon of the same energy. We need to convert these probabilities into intrinsic source luminosities. A redshift-distance converter is in [107] . Coma is at a well-determined redshift of z = 0.023. We use the parameters from the magnetic field model of [12] , with H 0 = 71 km s In terms of these the intrinsic excess luminosity associated with axion-photon conversion is given by 16) where D Coma is the physical distance to Coma and dΩ is a solid angle element (measured in arcmin 2 ). We will restrict the energy integral to the 0.2 − 0.4 keV range, in accordance with [6] .
Results
In this section we discuss the results of the numerical simulation of the conversion probabilities, and we present for the first time a detailed description of the predictions of the CAB conversion scenario for the cluster soft excess.
General features of axion-photon conversion
While several properties of the simulated conversion probabilities and soft X-ray luminosities are sensitive to the detailed magnetic field model, there are also general features that are shared by all models we have considered. In this section we highlight these properties by using Model 1 of table 1 as our main example.
In this model, the stochastic magnetic field is generated with a Kolmogorov power spectrum (n = 17/3), with coherence lengths in the range 2 − 34 kpc. The best-fit values of the scaling of the total magnetic field with electron density, η, and the central value of the magnetic field, B 0 , are then η = 0.5 and B 0 = 4.7 µG, respectively. In section 5.2.2 we will also consider the effects of 1σ variations of the parameters of the magnetic field model on the resulting conversion probabilities.
The simulated conversion probability maps (best viewed in colour) for this model are shown in figures 2, 3 and 4 with a pixel size of (2 kpc)
2 . Figure 5 shows the conversion probabilities as a function of the impact parameter, for 8 energies from 25 keV to 2 keV.
These figures illustrate two key features of the results that are ubiquitous in all the magnetic field models we have studied. First, the overall conversion probabilities increase with energy, up to a maximal energy at which they saturate.
Second, the morphology of the conversion probabilities is quite distinct at low and high energies. At low energies, the conversion probabilities are lowest for axions which pass through the very centre of the cluster. As a function of increasing impact parameter, the conversion probabilities increase, reach a maximum at some intermediate radius, before again decreasing towards the edge of the cluster. This behaviour is clearly visible in the 400 eV plot (figure 3d) -for lower energies than this the point of maximal conversion probability lies beyond the range of the simulation. At ultra-low energies (c.f. the 25 eV plot, figure 2a ), a curious, unanticipated ring-like structure is visible. Here the conversion probabilities increase, decrease and then increase again. We discuss the origin of this at greater length below.
In contrast, higher energy axions have a maximal conversion probability at the centre of the cluster, with a monotonic decrease in conversion probability on going to larger radii. A crossover between the high-energy regime of 'central dominance' and the low-energy regime of 'central deficit' can be observed for modes with energies of 400 eV < ω < 1 keV for Model 1.
In fact, both these generic features of the conversion probabilities can be understood from the single-domain solution of equation 5.9, even though it is not fully applicable to the multi-scale fields considered here. The single domain conversion probability is (to leading order in θ) given by
Here we have factored out the dependence of the total magnetic field on the electron density, as in equation (4.13). The fractional electron densityñ(r) is completely determined by the β-model, c.f. equation (4.12), and decreases from unity at the cluster centre to ≈ 0.15 at r = 600 kpc.
We now note that for either sufficiently large ω or sufficiently smallñ(r), the argument of the sin function becomes small. In the small-∆ approximation the conversion probabilities are given by Thus, according to the single-domain formula, sufficiently far away from the cluster centre the small-θ and small-∆ approximations should be valid for all energies above a certain cut-off. Evidently, at large radii the small-angle approximation appears as an 'attractor' with a radial dependence completely determined by the modulation of the magnetic field withñ(r) η .
As the impact parameter is decreased andñ(r) increases, some modes will cease to be well described by the small-∆ approximation and will rather require the full equation (5.17) . Such modes will leave the small-angle 'attractor' solution. According to the single-domain formula, modes with sufficiently low energies may undergo several 2π rotations of ∆ as the impact parameter is decreased towards the centre of the cluster, and these modes will in particular exhibit rings of decreased probabilities as ∆ comes close to an integer multiple of π.
However, for an axion traversing multiple magnetic field domains with slightly varying electron densities and coherence lengths, some of the detailed features of the single-domain probabilities can be expected to be 'washed out'. In particular, in the large ∆ regime it is reasonable to approximate sin 2 ∆ = 1 2 for axions traversing multiple domains of slightly varying size. Then for B ∝ B 0 n η e , we have As in all cases we consider η < 1, this gives increasing conversion probabilities as the electron density decreases with radii. This increase will continue until the small-∆ regime is reached, when the conversion probability is again described by equation (5.18).
We now note that several of the features predicted from the single-domain formula also appear in the radial probabilities emerging from the full numerical simulation with multi-scale magnetic fields, c.f. figures 5 and 6a. From these figures, we note that modes with ω 400 eV have equal conversion probabilities at large radii (smallñ(r)), consistent with these modes entering the small-∆ approximation. At smaller impact parameter (corresponding to larger maximalñ(r)), the lower energy modes begin to decouple from the small-∆ approximation with ultimately decreasing probabilities as a result, perfectly consistent with the single-domain result. Only the highest energy modes stay in the attractor curve for any impact parameter, as illustrated in figure 6a by the modes with ω = 1300 eV and ω = 1600 eV.
The single domain analysis also predicts the presence of regions with highly suppressed conversion probabilities as ∆ approaches an integer multiple of π, and we note that this feature most likely explains the ring structure of the conversion probability in the 25 eV plot.
We can use the qualitative consistency of the conversion probabilities with the single-domain result to generate a heuristic estimate of an 'effective coherence length' of the magnetic field. For the high-energy modes in figure 6a we have argued that ∆ 1 at large impact parameter, and we may heuristically associate the radius of maximum conversion probability, r max (ω), for each mode with the phase ∆ = π/2 in the single-domain formula. By furthermore noting that the largest contribution to the conversion probability for modes close to the small-∆ approximation will come from the region closest to the cluster centre, we have
From this formula, we can extract an 'effective coherence length'L for each mode that has a peaking conversion probability within the range studied. For Model 1 this range corresponds to modes with energies 300 eV ≤ ω ≤ 1 keV, as indicated in figure 6a . The decoupling of all modes is consistent with the single-domain estimate for effective coherence lengths in the 13 − 15 kpc range. In comparison, the full numerical simulation involves magnetic fields coherent over all scales from 2 kpc to 34 kpc, with a mean coherence length of ≈ 10 kpc.
The single-domain intuition also holds for other magnetic field models. From figure 6b, we note that Model 2 may be associated with an 'effective coherence length' of the magnetic field in the 2.0 − 2.2 kpc range, based on the peak positions of modes with 50 eV < ω < 200 eV. The full multiscale model has coherence lengths in the 2−5 kpc range, with a mean value of 3.2 kpc. These estimates indicate that the physical picture of axion-photon conversion motivated by the single-domain analysis is also quite accurate for more complicated magnetic field configurations such as the multi-scale configurations considered in this paper.
Model 3 is distinguished by having the largest range of scales in the magnetic field, from 2 − 100 kpc. As we see in figure 7, for this model at large radius (500 − 600 kpc) the conversion probabilities have not converged to a small-angle approximation. We can again understand this behaviour using the single-domain formula.
The greater range of coherence lengths imply that even axions traversing the cluster at large impact parameter are likely to encounter domains in which the small-∆ approximation is not valid. Increasing ω always has the effect of decreasing ∆ and thereby bringing a larger fraction of the traversed distance into the small-angle approximation, which results in an increased overall conversion probability according to equations (5.19) and (5.21) . This explains the increase in conversion probabilities with ω in Model 3, even at the largest radii.
A further difference in figure 7 compared to figures 6a or 6b can also be understood. For model 3, at large radii the conversion probabilities are roughly similar for the higher energy modes, with consistent small increases as you go to higher energy. This behaviour is absent for models 1 and 2. We can understand this through the different power spectra of the models. For the Kolmogorov spectra of models 1 and 2, power dominantly lies in the largest coherence lengths. The conversion probabilities are then highly suppressed for axion modes that have insufficient energy to reach the small-∆ regime, given this range of coherence lengths. For the truncated spectrum of model 2 and the flat spectrum of model 3, more power of the magnetic field is allocated to shorter scales, and even lower energy modes can reach the small-∆ approximation. Owing to the wide range of coherence length in the Model 3 magnetic field, axions traversing the cluster will still pass through regions which are not well-described by a small-∆ approximation -even for relatively high energy modes. As the axion mode energy is increased, only a small additional fraction of the large coherence lengths are brought into the small-∆ approximation, which explains the gradual approach to the small-∆ approximation in this case.
Let us finally for the sake of clarity remark on features of the conversion probabilities that are not well-captured by the single-domain formula. As ∆ approaches π/2, the single-domain formula predicts a relative decrease in the conversion probability with respect to the small-∆ approximation, yet the full numerical simulations exhibit conversion probabilities with a clear trend of 'overshooting' the small-angle attractor at this point.
A final general comment about the simulations: it is useful to know how much variation one can expect purely from repeating a simulation with identical magnetic field parameters. By repeating simulations with the Model 1 parameters, we found that the averaged conversion probabilities within each annulus varied by at most 9%, where in most cases the difference was less than 5%. We note that the most significant variations occurred for larger energies. We thus conclude that our magnetic field model does not generate large fluctuations in conversion probabilities. However, to account for this when we plot comparisons between simulated and observed luminosities, we include a statistical error of 10% on our values.
Comparison with Observed Luminosities
We may now compare the predictions of axion-photon conversion of a CAB in the Coma cluster to the actual observations of the soft excess with ROSAT, based on the analysis of Bonamente et al. [6] . Table 2 . The results of [6] for excess luminosity from the Coma cluster.
Specifically, we will focus on the overall unabsorbed excess luminosity in the 0.2 − 0.4 keV band for various different annular regions around the centre of Coma.
Since the spectral shape of the soft excess is poorly known, the analysis of [6] quotes results for two different spectral fits to the excess emission: the first employs a power-law spectrum with photon index 1.75 (so that the excess flux is dN γ /dE ∼ ν −1.75 ), and the second is based on a thermal spectrum with T = 80 eV. These results -which differ from each other by an overall factor of ≈ 2.4 -are shown in table 2. While neither of these spectral models are in exact agreement with the shape of the photon spectrum obtained from CAB conversion (which we will discuss in more detail in section 5.2.3), the thermal bremsstrahlung spectrum has an exponentially decreasing tail in the 0.2 − 0.4 keV range, as does the CAB spectrum for mean axion energies E CAB 200 eV. We will therefore use the thermal excess luminosities of table 2 when comparing the predictions of our model to the data. We also note that the model uncertainty in the extraction of the soft excess mostly affects the overall luminosity and to a much smaller degree its spatial distribution. In our model, the overall luminosity has a simple dependence on the values of M and ∆N eff , and the uncertainty in the overall luminosity translates into an uncertainty in ∆N eff /M 2 .
We will now present our main results for the CAB explanation of the soft excess in Coma. We will first discuss luminosities from axion-photon conversion in the Model 1 magnetic field (including 1σ variations of the model parameters η and B 0 ) and we will then turn to Model 2 and Model 3.
Model 1: Figure 8 shows the comparison between the observed (thermal) luminosity and that produced by the baseline model of [12] and two other models related by 1σ variations of the model parameters. The integrated luminosity in the 0.2 − 0.4 keV range has been normalised to the total luminosity of the soft excess in the same range by varying M independently for each model. In all cases ∆N eff = 0.5 has been assumed, but we emphasise that alternate values for these parameters that normalise luminosities can be obtained by scaling ∆N eff → λ∆N eff and M → √ λM .
From figure 8, we note that while the luminosity in each bin is within observations by a factor of a few, there is a clear tendency to underproduce photons in the centre and overproduce them in the outskirts. Axion-photon conversion in the Model 1 magnetic field therefore does not provide a particularly good description of the Coma soft excess.
The three variations of Model 1 in figure 8 correspond to the magnetic field model parameters which best fit the Faraday rotation measures, here denoted by η = 0.5, and 1σ variations to η = 0.4 and η = 0.7. In all cases, axion-photon conversion under-and over-produces photons in the inner and outer regions respectively. Understandably, increasing η so that the magnetic field falls off more rapidly with radius while simultaneously increasing B 0 to match Faraday rotation measures results in more luminosity to smaller radii relative to larger radii. We note that these variations are not large enough to make the CAB prediction of the morphology of the soft excess compatible with observations. However, despite the poor fit of the axion-converted photon luminosities to the soft excess for Model 1, it would be premature to conclude that the conversion of the CAB cannot explain the soft excess. Even before considering systematic differences between the magnetic field models of [12] and the actual magnetic field in Coma, as discussed in section 4.2, Faraday rotation measures only constrain the magnetic field model up to degeneracies in the spectral index of the vector potential, n, and the Fourier mode cut-off scale Λ max . In Model 3, we consider a magnetic field model which provides an equally good fit to Faraday rotation measures as Model 1, but with n = 4 and Λ max = 100 kpc (as opposed to n = 17/3 and Λ max = 34 kpc for Model 1). As in equation (4.10), the stochastically generated magnetic field prior to modulation by n e (r) hasB(k) (gen.) ∼ k (−n+2)/2 , so that for n = 4 the power integral dkk 2B (k) 2 (gen.) has constant support from k min to k max . Equivalently, magnetic fields with n > 4 locate more power to smaller k-numbers and larger physical scales.
Thus, a key difference between Model 1 and Model 3 is the distribution of effective coherence lengths. In order to highlight the effect of concentrating more power of the magnetic field on smaller scales, we first consider a toy magnetic field model, which does not provide a good fit to Faraday rotation measures. 6 This is our Model 2, to which we now turn.
Model 2:
In this model the generated magnetic field, prior to modulation by a function of the electron density, only varies on scales between 2 − 5 kpc. In this range, the magnetic field varies with n = 17/3 and the modulation with electron density is obtained with η = 0.7, setting B 0 = 5.4 µG. The simulated photon luminosities from this model match the observational data for the soft excess very well, as is shown in figure 9 .
Based on our discussion in section 5.2.1 on the radial dependence of the simulated conversion probabilities, we may interpret the improved fit as due to a decreased 'effective coherence length', resulting in modes approaching the small-∆ attractor at smaller radii, c.f. figures 6a and 6b.
Model 3:
We now return to magnetic field models consistent with observations of Faraday rotation measures in Coma, but focus on models which concentrate more power on smaller scales relative to Model 1. The effective degeneracy between values of n and Λ max allows for reducing n by simultaneously increasing Λ max , as is illustrated in figure 16 of reference [12] . Here again, we take η = 0.7 and B 0 = 5.4 µG. The resulting photon luminosities from CAB conversion are shown in figure 9 and again show a good agreement with the observed soft excess.
The conclusions to draw from these are that an explanation of the soft excess via axion-photon conversion appears to require the transverse components of the magnetic field to have more power on shorter scales than in the Kolmogorov spectra of [12] . This can be achieved either by allowing a flatter spectrum, so as to be consistent with Faraday rotation measures even for a Gaussian magnetic field, or by having different coherence lengths for transverse and parallel components of the magnetic field.
Constraints on the axion-photon coupling
Having established that the CAB explanation of the cluster soft excess is in reasonable agreement with observations for magnetic field models motivated by observations of Faraday rotation measures, we will now discuss how additional observational constraints give rise to a relatively limited range of possible values for M and the mean CAB energy, E CAB .
Strong upper bounds on the axion-photon coupling -and thereby lower bounds on M = g −1 aγγ -have been obtained by laboratory experiments, helioscopes, and may also be inferred from astrophysical arguments (see e.g. [108] for a recent review). For light axions, the CAST search for solar axions has set a bound M > 10 10 GeV. Proposed experiments looking either for light shining through a wall, such as ALPS-II, or for solar axions, such as IAXO, are expected to improve this bound by a factor of 10 − 15. An astrophysical bound based on the anomalous energy losses of horizontal branch stars due to axion emission similarly gives M > 10 10 GeV [109] , with similar bounds also being attainable from 'blue loop' Helium burning massive stars [110] . Moreover, the absence of γ-ray bursts in coincidence with neutrinos from Supernova 1987A provides a bound of M > 10 11 GeV for light axions (m a 10 −9 eV) [111, 112] .
In addition to limits, certain values of the axion parameters have also been suggested to be hinted by anomalous astrophysical processes. Spectra from active galactic nuclei (AGN) in γ-rays extend to the multi-TeV regime, even though scattering off ambient starlight at these energies should provide attenuation through production of e + e − pairs. This apparent transparency of the universe to γ-rays may possibly be explained by photons oscillating into axions relatively close to the AGN, followed by the axions traveling unimpeded through the universe and subsequently converting back to photons in the galactic or intergalactic magnetic fields. Such a scenario is possible for m a 10 −9 eV and M ≈ 10 11 − 10 12 GeV [113] [114] [115] [116] [117] .
Independently, there are observational hints for non-standard energy losses in white dwarfs, which may plausibly be explained by axions with m a < keV for certain values of the axion coupling to electrons [118] [119] [120] . It is reasonable to assume that the axion-photon coupling and the axionelectron coupling are suppressed by the same scale, but with an unknown and model-dependent relative coefficient. In concrete models this coefficient may range from 0.1 to 10 −4 in the favour of stronger coupling to photons. Thus, the white dwarf hint may cautiously be interpreted as a hint for axions with m a < keV and M ∼ 10 11 − 10 13 GeV.
In the following, we will consider the restrictions from the laboratory bound M > 10 10 GeV together with the supernova γ-burst bound of M > 10 11 GeV. We will find that the CAB explanation for the soft excess is possible for light axions with M ∼ 10 11 − 7 × 10 12 GeV, which is in the same range as suggested by the white dwarf energy loss hint and the γ-ray transparency hint.
Furthermore, while in our model axion-photon conversion in the Coma magnetic field should explain the soft X-ray excess, strong restrictions on the model parameters can be obtained by noting that higher energy photons should not be abundantly produced from axion-photon conversion: the excess is soft and does not survive to higher energies. This poses a restriction on the support of the CAB spectrum, as parametrised by the mean CAB energy. Here, we will impose that axion-photon conversion in the 0.5−0.6 keV band should not contribute to more than 10% of the thermal luminosity in this range. More accurate -and quite possibly more stringent -bounds may be obtained by detailed extraction of the soft excess based on dedicated templates for the CAB spectrum.
In figure 10 , we show the values for M necessary to normalise the total CAB-converted luminosity to the observed soft excess for a wide range of mean axion energies and for all three models of the magnetic field. In all cases we have considered ∆N eff = 0.5, and for all models the parameters η = 0.7, B 0 = 5.4 µG have been chosen.
The astrophysical and laboratory bounds on M may then be translated into a lower bound on the mean CAB energy, and we find that, quite model-independently, this gives E CAB 45 − 50 eV. Meanwhile, the bound from X-ray overproduction gives more model-dependent constraints, but allows for E CAB 250 eV for the interesting Model 3. We note that this restricts the values of λ of equation Here we emphasise that ∆N (a) eff denotes the extra relativistic contribution to the energy density from the axions responsible for the soft excess. If multiple species contribute to the dark radiation of the universe, then clearly ∆N (a) eff < ∆N eff . Finally, let us comment on the spectral distribution of the soft excess photons, as predicted by axion-photon conversion of a CAB. Figure 11 shows the differential densities of the CAB as well as the photon spectrum arising after axion-photon conversion in the cluster magnetic field. We note that as low-energy axions have smaller conversion probabilities than high-energy axions, the resulting photon spectrum appears shifted to higher energies. For the particular case of E CAB = 150 eV, the photon distribution has negligible support at ω < 21 eV. In this case the functional form of the resulting photon distribution function is to a very good approximation given by dn γ dω ∼ ω − 21 eV 150 eV 1.21 exp − ω − 21 eV 170 eV 1.78 (5.24)
for ω ≥ 21 eV. The corresponding mean photon energy is E γ ≈ 200 eV.
Summary of results
Let us conclude this section by summarising our results. We have found that the success of the CAB explanation for the morphology of the cluster soft excess depends on some of the details of the cluster magnetic field, and in particular on the distribution of the coherence lengths of the magnetic domains. The overall luminosity of the soft excess can easily be reproduced. However, the morphology obtained from axion-photon conversion is compatible with the observed soft excess for magnetic field models which predominantly have short (transverse) coherence lengths of a few kpc, as well as models which have uniformly distributed (transverse) coherence lengths from a few to 100 kpc. For Gaussian magnetic field models with transverse coherence lengths predominantly in the 10 kpc range, such as our Model 1 above, the CAB explanation does not provide a close match to the observed soft excess morphology in Coma.
Interestingly, the range of axion-photon couplings required to explain the cluster soft excess (c.f equation (5.23) ) is compatible with those suggested by the anomalously fast white dwarf cooling and with the anomalous transparency of the universe in γ-rays.
Conclusions
In this paper, we have considered the possibility that axion-photon conversion of a string-theorymotivated Cosmic Axion Background with 0.1 − 1 keV energies may explain the long-standing soft X-ray excess in galaxy clusters.
We have focused in detail on the well-studied Coma cluster, for which the soft excess has been established at high statistical significance, and for which rather elaborate stochastic magnetic field models have been constructed and have been shown to be consistent with observations of Faraday rotation measures. Using these magnetic field models, we have propagated axions through the cluster and studied the resulting morphology of soft X-ray photons.
This study has led us to three main conclusions. First, we have confirmed the assertion of [1] that the overall luminosity of the soft excess can easily be explained by axion-photon conversion. For example, a CAB with mean energy of E CAB ≈ 150 eV may explain the soft excess for an axion-photon coupling of M ∼ ∆N eff 0.5 6 × 10 12 GeV.
Second, the CAB-induced soft excess exhibits a non-trivial morphology which is sensitive to the distribution of coherence lengths of the transverse part of the cluster magnetic field. Within the class of Gaussian magnetic field models that are equally consistent with Faraday rotation measures [12, 101] , those with a flat distribution in k-space were shown to reproduce well the observed soft excess morphology. On the contrary, for a turbulent Kolmogorov spectrum for the magnetic field (which locates power predominantly on larger, O(10 kpc), scales), the simulated excess flux disagrees with the observed morphology. The axionic explanation of the soft excess then requires either a flatter power spectrum or a shorter coherence length for the transverse component of the magnetic field (note that Faraday rotation measures constrain only the magnetic field component parallel to the line of sight).
Third, the requirement that the cluster soft excess originates from a CAB strongly constrains the CAB properties. The absence of an X-ray excess at E 0.5 keV, and the astrophysical requirement that the axion-photon coupling satisfy M 10 11 GeV, constrains the mean CAB energy to the range 50 eV E CAB 250 eV , (6.1) so that the CAB explanation of the soft excess is viable for 10 11 GeV M 7 × 10
∆N
(a) eff 0.5 GeV. The axion mass is similarly constrained to m a 10 −12 eV. Since the CAB spectral shape and the resulting soft X-ray spectrum are theoretically well-determined, the CAB hypothesis constitutes a sharp, well-defined, and predictive model that is subject to observational tests.
There are many further ways to extend this work and perform these tests. These include
• Studies of axion propagation through other clusters for which the magnetic field profile can be determined using Faraday rotation measures and soft excess properties have been determined. In this paper we have determined the values of M and E CAB that are necessary to reproduce the Coma soft excess. We can apply these to other clusters in the sample of [6] to see whether, given the magnetic field model, these values of M and E CAB predict the correct magnitude for the soft excess.
• The magnetic field profile used here is by construction Gaussian and does not arise from a magnetohydrodynamical (MHD) simulation. It would be interesting to take magnetic field values found from a numerical MHD simulation of cluster formation and see whether there are any qualitative differences in the resulting axion-photon conversion probabilities, in particular in the behaviour of parallel and transverse coherence lengths.
• If a CAB exists, it continuously passes through our galaxy and converts to photons in the galactic magnetic field. It would be interesting to use models of the galactic magnetic field (for example those in [121, 122] ) to determine the resulting number and distribution of soft X-ray photons, given the M and E CAB values required for the Coma cluster. This could then be compared with counts from the ROSAT 0.25 keV all-sky survey. Preliminary work in this direction has been performed in [88] .
• The sample of [6] contains 38 clusters for which soft excess studies have been performed. If information can be obtained about the magnetic field and electron density in these clusters, it would be interesting to see whether this can be correlated with the presence or absence of a soft excess.
The above studies will determine whether the CAB properties that can generate the soft excess in the Coma cluster remain consistent when applied to other observations.
